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1. IN~~DUCTI~N 
In [lo], Suzuki gave a construction of a new simple group, denoted through- 
out in this paper by Sk. The group Sz has order 2r3 * 3l * Y * 7 . 11 . 13 
and has precisely two conjugacy classes of involutions. If  ~a is an involution 
in the center of a Sylow 2-subgroup of Sz, then C, = C&I-~) is an extension 
of an extra special group of order 27 by the group PSp(4,3). Our aim in this 
paper is to prove the converse of this fact. 
MAIN THEOREM. Let. G be a finite group in which O(G) = Z(G) = 1 
(equivalently Z*(G) = 1). Suppose G possesses an involution 7 such that 
C = &(T) is isomorphic to the group C,, . Then G is isomorphic to Sz. 
Throughout the rest of the paper, G will always denote a group satisfying 
the assumption of the Main Theorem. The symbols 2,) E,, , A, , and S, 
will denote a cyclic group of order n, an elementary abelian group of order p”, 
the alternating group on n letters, and the symmetric group on n letters, 
respectively. Further, if A and B are groups, A’ B will denote an extension 
of a group A by a group B. The other notation is standard (see [4]). 
* The research of this author was supported in part by NSF Grant GP 29002 
(O.S.U.R.F. Project 3223-Al). 
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2. SOME PROPERTIES OF Sz 
Throughout this section, let C = co(~), S a Sylow 2-subgroup of C and 
K = O,(C). In this section, we shall determine some properties of C and S 
and show that the order of G is uniquely determined. The identification of G 
with Sz is done in the next section. 
LEMMA 2.1. The Sylow 2-subgroup S of C has the following properties: 
(i) / S 1 = 213; 
(ii) / Z(S)1 = 2; 
(iii) S contains a unique subgroup M such that: 
(a) 1 M 1 = 21°; 
(b) Z(M) = Q(M) = M’; 
(c) Z(M) is elementary abelian of order 24. 
Proof. (i) and (ii) follow immediately from the fact that C is a faithful 
extension of an extra-special group K of order 2’ by PSp(4, 3). Let H be a 
group isomorphic to Suzuki’s sporadic group. We regard S as a Sylow 2- 
subgroup of H. There exists a subgroup Ho of H with Ho N G*(4) and 
[S : S n Ho] = 2. Let So = S n Ho . We will use the notation and results 
of [12], so that So is regarded as generated by root subgroups of G,(4). 
Further, 1 Z(S,)i = 22. Now by [12, p. 931, So contains a unique subgroup M 
satisfying conditions (a)-(c). Let N be another such subgroup of S, M # N. 
Then 1 N n So j = 2s. If  h E Z(N n So), then 2g 11 C,JA)l, so X E Z(M) by 
[12], 3 * 8). So Z(N) n So C Z(N n So) C Z(M). Therefore, 
1 Z(N) n So 1 = 23. 
However, Z(N) = N’ and since [N: N n So] = 2, Z(N) _C So and this 
gives 1 Z(N) n So I = 24, a contradiction. Hence, (iii) holds. 
LEMMA 2.2. Let H N Sz. Then / C,(M’)J = 21° * 3; and 
N,(M)/M N Z, * A, 
an extension of a group of order 3 by the alternating group on six letters. 
Proof. Let X N . 1. There exists NC X with N II 2l1 * MBp . Further, 
there is p E X with C,,) N the 3-cover of H. Let Y = N,((p>). Then: 
I X 1 = 221 - 3Q * 54 - 72 * 11 - 13 .23, 
INI =221.33.5.7.11.23, and 
[ Y 1 = 214 * 38 * 52 * 7 * 11 . 13. 
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We now compute the double coset decomposition of X with respect to N 
and Y. 
Let X=N,rY~Nr~Yu...,and / Y*inNI =ai. Hence, 1x1 = 
1 N 11 Y 1 C (l/aJ and we may assume 11 I a, . Let E = O,(N). Since Sz 
has no elementary 2-group of order 2D, we have I E n Yr1 I < 2. Clearly 
/ N l/al < [X: Y] = 1,545,600. Now, if A is a subgroup of N, let 2 = AE/E. -- 
Then I N: N n Yr1 I < 1,545,600/2lO and 11 jl N n Y% I. Since MS2 has no 
projective Q( ll/S)-representation of degree 12 [6], M,, is not a subquotient of 
Suzuki’s group. The maximal subgroups of M, are known [l] and so we find 
that N n Yrr N Aut(M,,). H ence, N n YXl is an extension of a group of 
order 2 by Aut(M,,). This gives [N: N n Yxl] = 1, 318, 912, and so 
[N: N n Yxa] G 226,688. 
By Sylow’s theorem, we may choose X, so that 2i4 divides a2 = I N n YXe I. 
By results of [6, Chap. l] 7 7 a2 and the work immediately preceding gives 
11 f a2 . Hence, [N : N n Yxa] is divisible by 2’ . 7 * 11 * 23 = 226, 688. 
Thus, N n Yrn is a group of order 214 * 33 * 5. Now, E contains a group T 
of order 24 corresponding to sign-changes on %-sets that are unions of a set of 
complementary tetrads. Using [I] again, and remembering that En YXa 
contains no “dodecads,” it is now clear that we may choose T so that 
TaNnYXs and T=En Yxy 
further, N n Yxs/T is isomorphic to the stabilizer of a set of tetrads 
in M,, a group isomorphic to 26 * 3 * S, . Hence (N n YXn)’ is a group 
of order 21s . 3s * 5, an extension of a group of order 21° by 3 * A,. 
Let U = O,(N n Yxa). Then, U evidently has the properties of M in 
Lemma 2.1 (ii), and so we have shown that N,(M)/M contains 3 * A,. 
Now, let Y EM’, Y $1 1. Then C,(V) N C = C,(T). It now follows readily 
that N&J/M N 3 * A, and so the lemma is proved. 
LEMMA 2.3. Let H N Sx. Then H has precisely two classes gI and %‘s 
of involutions. Let r1 E VI , 72 E V, . Then we have: 
(1) C&l) = c, 
(2) A = C&) P! (C, x C, x L,(4)) * 2, 
(3) Let A, = A”; then A/A0 N D, , 
(4) N,(A,)/C,(A,) riL,(4) extended by an involution acting as jield 
times inverse-transpose automorphism, 
(5) Every involution of 9ZI n A lies in A, . Hence, [TV , TJ = 1 implies 
1 c&) n co(%)1 = 2’. 
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Proof. From the character table of H, we see that H has two classes of 
involutions. Further, in [7, Chap. 11, it was shown that .l has an involution X 
whose centralizer is an element in .l is (C, x C, x G,(4)) . 2. Now, there is 
an element p of order 3 in G,(4) whose centralizer in .l is the 3-cover of H. 
Also, the centralizer of p in G,(4) is C’s .L,(4) N X(3,4). As SL(3,4) 
admits a unique outer automorphism of order 2 centralizing the central 
element of order 3, we have our lemma. 
LEMMA 2.4. Thegroup C = CG(7) haspreciselyfour classes%Yi(i = 1,2,3,4) 
of involutions. Let hi ~%?~(i = 1, 2, 3, 4). Then we have 
I C&)j = 213 * 34 * 5 (A, = T), 
1 C&,)1 = 212 * 3 - 5, 
1 C,(h,)I = 21° * 32, and 
I C&,)l = zs- 
Proof. Let L = M’. As in the proof of Lemma 2.2, we see that 
~‘Y(LWIf(L) = 4 
acts on the six complementary tetrads in a natural manner. We may calculate 
that N,(M) acts on L as an S, conjugate in L,(2) to a group generated by 
so N,(M) permutes the nonzero elements of L in orbits of length 1, 6 and 8. 
Further, if X, y EL, then x 7 y iff x NyM) y. Hence, C has three classes of 
involutions conjugate to involutions ofcL. These have centralizers in C of 
orders 2l3 * 34 * 5, 212 * 3 . 5, and 2 lo . 32. These classes are all conjugate 
in H. By the previous lemma, there exists an involution in C whose centralizer 
in C is of order 2B. Now, from the character table of H we may calculate the 
coefficients of the class algebra and the lemma follows. 
We now analyze the possible fusion patterns of involutions in G. 
LEMMA 2.5. The group S is a Sylow 2-subgroup of G. 
Proof. This follows from Lemma 2.1 (iii). 
LEMMA 2.6. The involution A4 is not conjugate in G to any Ai , i = 1, 2, 3. 
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Proof. Let V = Co(&). From Lemma 2.3, we have 1 V 1 = 2g and 
(A,) = Z(V) n U2( V). In particular, (A,) is characteristic in V. Hence V is 
a Sylow 2-subgroup of Co&) and the lemma follows. 
LEMMA 2.7. The involution A3 which lies in C - O,(C) is conjugate in G 
to A1 OY A, . 
Proof. Suppose false. Then by the Z*-theorem of Glauberman [3], the 
involution A, is conjugate in G to the involution A2 in K = O,(C). Note that 
C,(h) = (A,) x W, where W is the central product of a dihedral group of 
order 8 and a quaternion group of order 8, and so Qr(C&,)) = C,(h). 
Let T1 be a S,-subgroup of C&h,) and let T* be a 2-group of Cc@,) that 
contains T1 as a subgroup of index 2 and let 1 E T* - T1 . Then 1 normalizes 
C&J and so I centralizes (C,(A,))’ = (A,), a contradiction. 
LEMMA 2.8. Let L = M’. Then the group N,(L)/&(L) is isomorphic to 
the alternating group A, on 6 letters. In particular, the involutions A1 , h, , and 
A3 all lie in a single conjugacy class in G. 
Proof. Let x, y  EL. I f  x mG y, then by Lemma 2.1 (iii, x is conjugate to 
y  in N,(L). Since Z*(G) = 1, by the Z*-theorem of Glauberman [3], and 
Lemma 2.6, the involution A, is conjugate in G to A, or As. Since A, , A, , and 
As all are in L, it follows that N,(L) 3 N,(L)1 n C. From the proof of Lemma 
2.4, we see that [N,(L): C,(L)] = 23 * 3a, where a = 7, 9, or 15. Suppose 
a = 7, then N,(L)/&(L) -L,(7) and A, is conjugate to A, . Hence, with 
Lemma 2.7, the involutions A, , A,, and As lie in a single conjugate class in G. 
But if R is a &-subgroup of N,(L), then C,(R) # 1, a contradiction. If  
a = 9, then 1 N,(L)/&(L)1 is divisible by 27, contrary to the fact that 
N,(L)/&(L) in a subgroup of GL(4,2). Hence, a = 15 and 
1 N,(L)/&(L)/ = 23 . 32 . 5 
and A, , A, , A, lie in a single conjugate class in G. To determine the structure 
of N,(L)/&(L), we need to examine the centralizers of elements of order 3 
in C. If  R E Syl,(C), then I R I = 34 and j Z(R)1 = 3. Further, the centralizer 
of Z(R) in K = O,(C) is the group Z(C) = (A,). From Lemma 2.4, we have 
N,(L)/&(L) N S, and C,(L) = M * (u) where (r is an element of order 3. 
Also, Cc(&) = M. P, where P is a group of order 9 containing u and 
M Q C&a). Since A, E C - K, we have from the structure of PSp(4,3) that 
IMnKI =26 
and C&J/M n K N SL(2,3) b SL(2,3). We know that A, EL n K and 
since L has 6 involutions conjugate in C to A,, it follows that M n K = 
C,,,(U) x [M n K, u], where CMnK(u) is a four group and [M n K, u] is a 
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quaternion group of order 8. Since P normalizes [M n K, u], there exists an 
element p in P that centralizes the quaternion group [M n K, u]. Hence, (p} 
is not contained in the center of any &-subgroup of C. It follows then that 
CM(P) = (4) x [M n K 01. 
Now, we determine the structure of N&)/C,(L). If N&)/C,(L) % A,, 
then L, = N,(L)/M p assesses a normal subgroup L, of order 32 such that 
L,/L, is isomorphic to the symmetric group on 5 letters. Since L,’ centralizes 
L, , it follows that L, splits in L, and hence, a &-subgroup of L, is abelian. 
Let PI E SyI,(N,(L)) such that PI r) (p). Since PI is abelian, it follows that 
PI normalizes CM(p). But C,(p)’ = (h,) and hence, PI centralizes h, , a 
contradiction. Hence, the lemma follows. 
LEMMA 2.9. The group G has precisely two conjugacy classes of involutions 
with representatives A, and h, . 
Proof. This follows immediately from Lemmas 2.4, 2.6, and 2.8. 
LEMMA 2.10. The group C,(h,) is uniquely determined up to &morphism. 
If D = C,(X,) and fi = D’C,(D’), then l5 = V x J, where V is a four- 
group and J E L,(4). Also, [D: D] = 2 and there exists an involution 
d E D - b such that (V, d) _N D, and d acting on J as field times inverse- 
transpose automorphism. 
Proof. If G N Sz, then the theorem is true. We shall use this fact 
repeatedly. Let T E Syl,(C,((h, , A,))), then / T ] = 2s. Now consider 
TO =(h~Tjh~~ 1 A , ha, or ha). Then, by Lemma 2.3, we have ] TO 1 = 2s 
and every involution in TO is conjugate in G to h, . Furthermore, there exists 
an involution YE C,(T,,) with Y # X, and both involutions Y and Yh, are 
conjugate in C to & . Also, we can find an element h E G such that h normalizes 
T,, and X2 = h,, ‘P = Yh, . Now let Tl = (&) x T,, and t E Tl . Then 
(tYX)2 = tYAtYA = tYA2(tY)” = tt” # &. Hence, the coset T,h contains 
no involutions and no other coset of Tl in T contains elements squaring to h, . 
Let r be the transfer of D into T/T, . Then 
9-(X) = T,h and F(Y) = T,Y or T,Yk 
Hence, ,7 maps D onto T/T, . Let B = ker y’, then [D : B] = 4. By a 
result of Gaschutz [2], we have B = (&) x A for some subgroup A of D. 
Since all involutions in (X, , Y) are conjugate in C to A4 and as C contains 
only one class of involutions fusing in G to &, we find that all involutions of 
T, are fused in D to X, . Now from the proof of Lemma 2.8, we see that 
5 1 1 N,(L) n C,(h,)l with a suitable choice of & E M - M’. Indeed, 
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is divisible by 22 . 5, whence, N&5)/C,(L) involves A, . Hence, D is non- 
solvable. Let E = Dtm), the last term in the derived series of D. Then 
L C E C A so that if T, E Syl,(E) containingmE, then 1 T, 1 < 26. But T, must 
contain an involution conjugate in D to X, . Hence, T, C E and so T, N T, , 
and E has a single conjugacy class of involutions. If e is any involution in E, 
then C,(e) is a 2-group. Hence, by Suzuki [l l] and the fact that 1 T, 1 = 26, 
we have A = E II L,(4). Since a Sylow 2-subgroup of D is determined 
uniquely (up to isomorphism), we have proved the lemma. 
LEMMA 2.11. TheorderofGisequulto213*37-52-7*11*13. 
Proof. Let x be an involution in G. Define U(X) to be the number of 
ordered pairs (ar, /3), with (Y, /3 E G such that (i) 01 wG h, , /3 -o X, and 
(ii) ($)n = x for some integer a. Then, it is easy to show that 
Since the structures of C&r) and Co(&) are determined uniquely and the 
fusion in G of elements in both these groups are also determined, we have 
that a(h,) and a(&) are determined. Hence, the lemma is proved. 
LEMMA 2.12. Let V and J be us in Lemma 2.10. Then, No( V)/Co( V) is 
isomorphic to the symmetric group on three letters. 
Proof. Let Y be any element of V with Y # 1. Then, !P wG A4 . Let 
F = C,(Y). Then / = F” and V = C#“). Further, there exists an involu- 
tion of F normalizing but not centralizing V. The lemma is proved. 
LEMMA 2.13. The group Co(J) contains an element p of order 3. 
Proof. Let Y = Aut(J)/Inn(J). Then, Y CT 2, x 5’s. There exist natural 
homomorphisms 0, and 0, defined by 
eB is one-to-one. Let X be an element of order 2 in No(V) - C,(V) (see 
Lemma 2.10). We know X acts on J as field times invers+transpose auto- 
morphism and hence, B,&(h) E Z(Y). Let p be an element of order 3 in 
No(V) - C,(V), which is inverted by X. ‘Then we have B2Bi(p) = Iv and 
so 6$(p) = 1 as 0, is one-to-one. Hence, p E J 1 Co(J) = J x C,(J). Since 
p $ C,(V), it follows that p 4 / and the lemma is proved. 
LEMMA 2.14. Let p be us in Lemma 2.13 and x any element of order 3 in 
G with 26 Ij C,(x)\. Then 2’ 1 Co(x) and x 7 p. 
284 PATTERSON AND WONG 
Proof. Suzuki’s group has a unique class of elements of order 6 whose 
centralizer is divisible by 26. Hence, so does G, by examination of the cen- 
tralizer is divisible by 2’j. Hence, so does G, by examination of the centralizers 
of involutions of G. The lemma follows. 
LEMMA 2.15. The group Co(p) is a central extension of a group of order 3 
by K(3). 
Proof. Let R = Co(p)/(p). Then there exists a subgroup R, of R with 
R, EL,(~). Further, if rr is an involution of R, , then O(C,(T,)) = 1, hence, 
O(R) = 1. It is easy to see that C,(R,) = 1 and since 2s 7 / R :, it follows 
that O,(R) = 1. 
Now, suppose R has a subgroup R of index 2. Let R* = (@“), the last 
term in the derived series of 8. Then R, C R*. Further [R* : R,,] is odd and 
also R* is simple. The main result of [5] gives R, = R*, hence, R, u R. 
However, if rr is an involution of R, , 32 11 CR(rll and this gives a contradiction. 
Hence, R has no subgroup of index 2, and by a result of Phan [8], R = U,(3). 
LEMMA 2.16. There exists precisely one conjugacy class in G of elementary 
subgroups E of order 32 with 23/I C,(E)I. Also, if 1 # e E E, then (e) is not 
normal in No(E). 
Proof. Let E be such a subgroup, S, E SyI,(Co(E)) and y  an involution of 
Z(S,). It follows that y  -G r h . From the structure of C,(y) N C&J, it 
follows that the group S, n O,(C&)) contains an element of order 4 (see 
Lemma 2.4). It is easy to show that all elements of order 4 in O,(C&)) are 
conjugate in C,(y) and if v  is an element of order 4 in S, n 02(C&)), then 
E E Syl,(C,(v) n C,(y)). Hence, the lemma follows. 
LEMMA 2.17. The groups Co(p) and No(p) are determined uniquely up to 
isomorphism. 
Proof. First assume p $ (Cc(p))‘. Then Co(p) N (p) x U,(3). Let 
X E Syl,(C,(p)), and E = Z(X). Then 23 /I Co(E)]. Let (6) = E n X’. Then 
(b) + (p). By Lemma 2.11, X E Syl,(G) and it follows from Burnside’s 
theorem that <b) 4 No(E), contradicting Lemma 2.16. Hence, p E (Co(p))‘. 
The group .l contains a subgroup Y N (Z, x Z,) . U,(3) * D, with Y” is 
isomorphic to the 3-cover of U,(3). Further, O,(Y) has precisely two orbits 
under Y and also Y contains exactly one conjugacy class of groups isomorphic 
to Z, x SL(3,4). Hence, it follows that there are precisely 2 nonsplit central 
extensions of a group of order 3 by the group U,(3), and only one contains a 
subgroup isomorphic to Z, x L,(4). Hence, the lemma follows. 
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3. THE IDENTIFICATION OF G 
Let Q be the class of elements of G conjugate to p in Lemma 2.13. Our aim 
is to show that any two noncommuting elements of Q generate a subgroup 
isomorphic to A,, A,, or SL(2, 3). It then follows from a result of 
Stellmacher [9], that G is isomorphic to Suzuki’s group. 
Let P = C,(p), so that j P j = 2’ . 3’ . 5 .7 and hence, 1 Q 1 = [G : P] = 
26.5~11~13.DefineQ={(p)lq~Q}sothatIQ~ =25*5*11*13. 
Let I’ and 1 be subgroups as in Lemma 2.10 so that p E Co(J). Then from 
Lemmas 2.12 and 2.13, we have C,(j) = K,, where K,, N A,. Let (q , p} = 
K,, with CY~ EQ. Then it follows that Co&,) = / N L,(4). 
We may assume K, C C = C,(h,). From the structure of PSp(4,3), we 
can find a subgroup Kr of C with Kr 1 K, and Kr N A, . Now C,(K,) # J 
and so C,(K,) is a proper subgroup of Co&,). Now Kr = (K, , K,,“) with 
x inverting p, so that Co(K,) = J n J”. N aw, from the structure of NG(<p)), 
we have J” = JY for some y E C,(p) and by the action of U,(3) on the cosets 
of L,(4), it follows that [J : J n J”] = 56 or 105. Now [P : J n I”] < 1 Q 1, 
so that [J : J n J”] < / Q l/[P : Jj = 26 . 5 . 11 . 13/2 . 36 = 22,880/243 < 
100, hence, [J : J n J”] = 56. It now follows from the structure of Nc((p)) 
that Jnp-A,. A similar counting argument, using NG((p)) gives 
N,(K,)/C,(K,) N S, and that N,(K,,)/C,(K,,) N S, . Let (~a E Kr n Q so 
that (aZ, p) = Kr . Then we have I N,((p)) n N,((a,))] = 2’ . 32 . 5 . 7 
and 1 Nc((p)) n N,((%))I = 25 . 32 . 5. Now in C = C,(X,), there exists 
05 E Q such that <a3, P> = S-W, 3), Xl E Z((a3, P>> and I W<o5, P>)I = 
27 . 32. It follows that / N,((p)) n NG((a3))I = 2s . 32. Next, let E be a 
subgroup of order 32 as in Lemma 2.16. We may take E = (p, o(4) with 
CX~ E Q. The structure of C,(p) shows that I C,(E)/ = 23 * 3’, hence, 
I No) n WG-41 G 25 .37. 
Let si ={q]cf~Q and q ~~,(<~>)(a&} i = 1, 2, 3, 4. Then 
1 + i 1 Zj [ < I& 1 = 22,880. 
i=l 
We have 1 Z$] = [N,((p)) : Nc((p)) n No(( so that / g1 j = 486 
and I Z2 / = 13,608; 1 P3 I = 8,505 and I gq I > 280. Now, 
1 + 486 + 13,608 + 8,505 + 280 = 22,880. 
Hence, I Ya 1 = 280 and we have & - (p} = uz=r -Epi . Thus, if q E Q, then 
!?N&P>) - (a$ for some i = 1, 2, 3, 4, or q = (p>. It now follows from a 
result of Stellmacher [9], that G 31 Sz and our main theorem is proved. 
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